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ABSTRACT. The moduli space My, admits birational maps to what we call Veronese quotients,
introduced in the papers [GS11, Giall, GJM11]. We study divisors on My, associated to these
morphisms, and show that for particular choices, the maps are given by conformal blocks divisors.

INTRODUCTION

The moduli space of Deligne-Mumford stable n-pointed rational curves Mg, is a natural com-
pactification of the moduli space of smooth pointed genus 0 curves, and has figured prominently
in the literature. A central motivating question is to describe other compactifications of My ,, that
receive morphisms from Mo,n- From the perspective of Mori theory, this is tantamount to describing
semi-ample divisors on Mo,n- This work is concerned with two recent constructions that each yield
an abundance of such semi-ample divisors on Mg, and the relationship between them. The first
comes from Geometric Invariant Theory (GIT), while the second from conformal field theory.

There are birational models of Mg, obtained via GIT which are moduli spaces of pointed rational
normal curves of fixed degree d, where the curves and the marked points are weighted by nonneg-
ative rational numbers (v, A) = (v, (a1, - ,ay)) [Giall, GS11,GIJM11]. These so-called Veronese
quotients Vvd’ 4 are remarkable as they specialize to nearly every known compactification of Mg,
[GJM11]. There are birational morphisms from My, to these GIT quotients, and their natural
polarization can be pulled back along this morphism, yielding semi-ample divisors D, 4 on Mo,n-

A second recent development in the birational geometry of My, involves divisors that arise from
conformal field theory. These divisors are first Chern classes of vector bundles of conformal blocks
V(g, ¥, X) on the moduli stack M, ,. Constructed using the representation theory of affine Lie
algebras [TUY89, Fak12], these vector bundles depend on the choice of a simple Lie algebra g, a
nonnegative integer ¢, and an n-tuple X = (A1, -+, An) of dominant integral weights in the Weyl
alcove for g of level . For the definition of vector bundles of conformal blocks and related represen-
tation theoretic notations, see §4.1. Vector bundles of conformal blocks are globally generated when
g = 0 [Fakl2, Lemma 2.5, and their first Chern classes ¢1(V(g, ¢, X)) = D(g, £, X), the conformal
block divisors, are semi-ample.

When v = 0, it was shown in [Giall, GG12] that the divisors Dy 4 coincide with conformal block
divisors for sl and level one. Our guiding philosophy is that there is a general correspondence
between Veronese quotients and conformal block divisors. After first giving background information
about Veronese quotients in Section 1, in support of this we:

(2) derive intersection numbers for all D, 4 with curves on My, (Theorem 2.1);

(3)
(4) show that the models described in §3 are given by conformal block divisors (Theorem 4.6);
(5) provide several conjectures (and supporting evidence) generalizing these results (§5).

give a new modular interpretation for a particular family of Veronese quotients (§3);

In order to further motivate and put this work in context, we next say a bit more about (2)-(5).
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Section 2. The classes of all Veronese quotient divisors D, 4. For each allowable (v, A),
there exists a morphism ¢, 4 : : Mo, — V4 Sa- In §2 we study the divisors D, 4 = gO: ALy ),
where L. 4 is the canonical ample polarlzatlon on Vd ‘4 In Theorem 2.1, we give a formula for
the intersection of D, 4 with F-curves (Definition 1. o) a collection of curves that span the vector
space of numerical equivalence classes of 1-cycles on Mg,. Theorem 2.1 is a vast generalization
of formulas that have appeared for d € {1,2} and for v = 0 (see [AS08,GS11, Giall, GG12]) and
captures a great deal of information about the nef cone Nef(My,). For example, since adjacent
chambers in the GIT cone correspond to adjacent faces of the nef cone, by combining Theorem
2.1 with the results of [GJM11], we could potentially describe many faces of Nef(My ). Moreover,
Theorem 2.1 is equivalent to giving the class of D, 4 in the Néron-Severi space. To illustrate this,
we give the classes of the conformal block divisors with S,,-invariant weights (Corollary 2.12) and
the particularly simple formula for the divisors that give rise to the maps to the Veronese quotients
Vit (Example 2.13).

o+ 7(z+1 )20+2

Section 3. A new modular interpretation for a particular family of Veronese quotients.
Much work has focused on alternative compactifications of My, [Kap93, Kap93b, Bog99, LMO00,
Has03, Sim08, Smy09, Fed11, GS11, Giall, GJM11]. As was shown in [GJM11], every choice of
allowable weight data for Veronese quotients (Definition 1.1) yields such a compactification, and
nearly every previously known compactification arises as such a Veronese quotient. In §3, we

study the particular Veronese quotients V9+1( ¢ o
£+1° £+1
a new modular interpretation for these spaces and we note that, prior to [GJM11], this moduli

for 1 < /¢ < g. In Theorem 3.5, we provide

2g+2

space had not appeared in the literature (see Remark 3.1). Our main application is to show that

the nontrivial conformal block divisors D(sly, £, w?9*?)

are pullbacks of ample classes from these
Veronese quotients (Theorem 4.6). For this, we prove several results concerning morphisms between

these Veronese quotients (see Corollary 3.7 and Proposition 3.8).

Section 4. A particular family of conformal block divisors. In [Giall, GG12] it was shown
that the divisors Dy 4 coincide with conformal block divisors of sl, and level one, and in [AGS10] it is

shown that the divisors D(sls, ¢ wlg+2) and De_1 (L )2g+2 are proportional for the two special cases
24+1°V 041

¢ =1 and g. In [AGS10] the authors ask whether there is a more general correspondence between
D(sla, £,w]) and Veronese quotient divisors. Theorem 4.6 gives a complete, affirmative answer to
their question (cf. Remark 4.7). One of the main insights in this work is that, while not proportional

for the remaining levels £ € {2,...,g — 1}, the divisors D(sly, ¢, w29+ ) and Dy (L y2+2 lie on the
o1 \eT

same face of the nef cone of Mo,n- In other words, the two semi-ample divisors define maps to
isomorphic birational models of Mo,n- The corresponding birational models are precisely the spaces
described in §3.

Section 5. Generalizations. Evidence suggests that sl conformal block divisors with nonzero
weights give rise to compactifications of Mg ,, and that these compactifications coincide with
Veronese quotients. This is certainly true for £ = 1, and for the family of higher level sly divi-
sors considered in this paper, as well as for a large number of cases found using [Swil0], software
written for Macaulay 2 by David Swinarski. In §5.1 we provide evidence in support of these ideas
in the sly cases. In §5.2 we describe consequences of and evidence for Conjecture 5.6, which asserts
that conformal block divisors (with strictly positive weights) separate points on M ,,.
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1. BACKGROUND ON VERONESE QUOTIENTS

We begin by reviewing general facts about Veronese quotients, including a description of them as
moduli spaces of weighted pointed (generalized) Veronese curves (Section 1.1), and the morphisms
0yA Moy, — V;{A (Section 1.2), from [GJM11].

1.1. The spaces de 1~ Following [GJM11], we write Chow(1,d,P?) for the irreducible component
of the Chow variety parameterizing curves of degree d in P? and their limit cycles, and consider
the incidence correspondence

Uin :={(X,p1, - ,pn) € C’how(l,d,Pd) X (Pd)" ipi € X Vi}.

There is a natural action of SL(d+1) on Uy, and one can form the GIT quotients Uy, //; SL(d+1)
where L is a SL(d 4 1)-linearized ample line bundle. The Chow variety and each copy of P¢ has
a tautological ample line bundle Ocpow(1) and Opa(1l), respectively. By taking external tensor
products of them, for each sequence of positive rational numbers (v, (a1, ,ay)), we obtain a
Q-linearized ample line bundle L = O(y) ® O(a1) @ - - - ® O(ay,).

Definition 1.1. We say that a linearization L is allowable if it is an element of the set A, where

AY = {(y,A) = (v, (a1, - ,an))ngJ51:7<l, 0<a; <1, and (d—l)’y—i—Zai:d—i-l}.

Ifa; = -+ = ay, = a, then we write a”™ for A = (a1, - ,an).
Let
d
V’Y,A = Ud7n //'YvA SL(d + 1)
We call GIT quotients of this form Veronese quotients because they are quotients of a space
parametrizing pointed Veronese curves.

Given (X,p1, - ,pn) € Ugp, we may think of a choice L € AY as an assignment of a rational
weight v to the curve X and another weight a; to each of the marked points p;. The conditions
v <land 0 <a; <1 for all i imply that the quotient Uy, //., 4 SL(d + 1) is a compactification of
Mo, [GIM11, Proposition 2.10]. As is reflected in Lemma 1.2 below, the quotients have a modular
interpretation parametrizing pointed degenerations of Veronese curves.

By taking d = 1, and y = 0, one obtains the GIT quotients (P1)" // , SL(2) with various weight
data A. This quotient, which appears in [MFK94, Chapter 3] under the heading “an elementary
example”, has been studied by many authors. It was generalized first to d = 2 by Simpson in
[Sim08] and later Giansiracusa and Simpson in [GS11], and then for arbitrary d, and v = 0 by
Giansiracusa in [Giall]. More generally, the quotients for arbitrary d and v > 0 are defined and
studied by Giansiracusa, Jensen and Moon in [GJM11].

The semistable points of Uy, with respect to the linearization (v, A) have the following nice
geometric properties.

Lemma 1.2. [GJM11, Corollary 2.4, Proposition 2.5, Corollary 2.6, Corollary 2.7] For an allowable
choice (v, A) (Definition 1.1), a semistable point (X,p1,--- ,pn) of Uan has the following properties.

(1) X is an arithmetic genus zero curve having at worst multi-nodal singularities.
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(2) Given a subset J C {1,---,n}, the marked points {p; : j € J} can coincide at a point of
multiplicity m on X as long as
(m— 1)7+Zaj <1
jeJ
In particular, a collection of marked points can coincide at a smooth point of X as long
as their total weight is at most 1. Also, a semistable curve cannot have a singularity of
multiplicity m unless v < ﬁ
(8) X is non-degenerate, i.e., it is not contained in a hyperplane.

1.2. The morphisms ¢, 4 : My, — VWC{A. IE [GJM11] the authors prove the existence and
several properties of birational morphisms from Mg, to Veronese quotients.

Proposition 1.3. [GJM11, Theorem 1.2, Proposition 4.7] For an allowable choice (v, A), there
exists a regular birational map o, A : Mo,n — V;{A preserving the interior Mg ,. Moreover, o A
factors through the contraction maps p4 to Hassett’s moduli spaces M07A.'

MOn

)

By the definition of the projective GIT quotient, there is a natural choice of an ample line bundle
on each GIT quotient. By pulling it back to My, we obtain a semi-ample divisor.

Definition 1.4. Let L = (v, A) be an allowable linearization on Uy, and let L =L //; SL(d + 1)
be the natural Q-ample line bundle on Vvd’A. Define D 4 to be the semi-ample line bundle ¢§7A(f).

Next, following [Has03] and [GJM11], we describe the F-curves contracted by ¢, 4 and pa.
To do this, we first define F-curves, which together span the vector space Ni(Mg,,) of numerical
equivalence classes of 1-cycles on Mo,n-

Definition 1.5. Let A; U As U Az U Ag = [n] = {1,--- ,n} be a partition into nonempty subsets,
and set n; = |A;|. There is an embedding

S Ay, A2,43,4, : Moa — Moy,

given by attaching four legs L(A;) to (X, (p1, -+ ,pa)) € Mo at the marked points. More specifi-
cally, to each p; we attach a stable n; + 1-pointed fived rational curve L(A;) = (X, (pl, - - ,pf%,pg))
by identifying p. and p;, while if n; = 1 for some i, we just keep p; as is. The image is a curve
in My, whose equivalence class is the F-curve denoted F(Ay, Aa, A3, Ay). Each member of the
F-curve consists of a (varying) spine and 4 (fized) legs.

In many parts of this paper, we will focus on symmetric divisors and F-curves, in which case the
equivalence class is determined by the number of marked points on each leg. In this case, we write
Foi mongmna for any F-curve class F(Aq, Aa, A3, Ay) with |A;| = n;.

The F-curves F'(Aj, Aa, Az, A4) contracted by the Hassett morphism p4 are precisely those for
which one of the legs, say L(A;), has weight ZjeAi aj > Zje[n} a;j — 1. We can always order the
cells of the partition so that Ay is the heaviest—that is, Zje A, 05 = Zje 4, 45, for all a. As the
morphism ., 4 factors through py4, these curves are also contracted by ¢, 4. This morphism may
contract additional F-curves as well, which we describe here.
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As is proved in [GJMI11], the map ¢, 4 contracts those curves F'(Ay, Az, A3, A4) for which the
sum of the degrees of the four legs is equal to d. We define two functions ¢ and o below which are
useful for computing the degree of the legs of an F-curve.

Definition 1.6. [GJM11, Section 3.1] Consider the function ¢ : 2" x A — Q, given by
aj — 1
-y

o(J, v, A) = , where for Je2 q; = Zaj.

jedJ
For a fized allowable linearization (v, A) = (v, (a1, -+ ,ay)) (¢f- Definition 1.1), let
[¢(J777 Aﬂ Zf I<ay< Ap] — 1,
o(J) = 0 ifay <1,
d ifaJ>a[n]—1.

Finally, for (X,p1,--- ,pn) € Ugpn and E C X a subcurve, define o(E) = o({j € [n]|p; € E}).

Proposition 1.7. [GJM11, Proposition 3.5] For an allowable choice of (v, A), suppose that ¢(J,~y, A) ¢
Z for any nonempty J C [n]. If X is a GIT-semistable curve and E C X a tail (a subcurve such
that EN X — E is one point), then deg(E) = o(F).

Corollary 1.8. [GIJM11, Corollary 3.7] Suppose that ¢(J,~v, A) & Z for any O # J C [n], and let
E C X be a connected subcurve of (X,p1,...,pn) € Ui Then

deg(E) =d— ) o(Y)
where the sum is over all connected components Y of X\FE.

Given an F-curve F(Aj, A, A, Ay) as above, Proposition 1.7 says that deg(L(A4;)) = o(A;) if
#(A;,7,A) is not an integer. It follows that the degree of the spine is zero, and hence the F-curve
is contracted, if and only if Z?Zl o(A;) =d.

Remark 1.9. When Uj; has a strictly semistable point, it is possible that ¢(A;,v,4) € Z. If
?(Ai,v,A) = k is an integer, deg(L(A;)) may be either k or k + 1. In this case, both curves are
identified in the GIT quotient, and it suffices to consider the case where the legs have the maximum
possible total degree.

2. THE VERONESE QUOTIENT DIVISORS D, 4

The Veronese quotient divisors D, 4 are semi-ample divisors which give rise to morphisms from
Mo,n to the Veronese quotients Vvaf 4- One of the main results of this paper is to give the combina-
torial tools necessary to study these divisors as elements of the cone of nef divisors on My ,.

In Theorem 2.1, we give a formula for the intersection of the D, 4 (as given in Definition 1.4) with
F-curves on My, (as described in Definition 1.5). As a first application of Theorem 2.1, in Section
2.5, we show there is a simple formula for the intersection of the particular divisors D% (ka2
with a basis of F-curves. As a second application of Theorem 2.1, in Corollary 2.12, we write down
the class of D, 4 in the case that A is Sp-invariant. While we have already described a criterion
for determining when these numbers are zero at the end of §1, to compute these numbers in the
non-zero case is substantially more complicated.

We first state Theorem 2.1, and Corollary 2.2, which exhibits the intersection numbers in a
particular case. Before proving Theorem 2.1, in Section 2.1, we give an overview of our approach.
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Notation. Let [n] = A; U As U A3 U A4 be a partition and let F'(A;, Aa, A3, Ag) be the corre-
sponding F-curve (cf. Definition 1.5). Recall that o(A;) is the degree of the leg L(A;) (Definition

1.6). In this section, we establish the following explicit formula for the intersection of D, 4 and
F(Ala A2a A3a A4)

Theorem 2.1. Given an allowable linearization (v, A) withd > 2, and an F-curve F(Ay, Aa, As, A4):

3
F(A1, Az, A3, Ay) Dya = (; 01‘24)ﬁ +(wa, — Z0o(A4))b
3
2 (G0 (A) + 0 (An) — wa, —wa,)en
i=1
1 NN 4 3
~ o Qo oA (d —0(4)) = 37 0(A;U AN (d — 0(4 U AY))
i=1 i=1

where
Cij = d— O'(Al) — O'(Aj) — 0’([n]\(AZ @] AJ))
=o(A; U Aj) —o(A;) — O‘(Aj),
4

b=d- O'(AZ'),
i=1

n

w = E a;,
=1

’U)Aj: E a;.

i€A;

Note that the case of d = 1 was studied previously in [AS08, Section 2]. If there is an A; such that
®(Ai, v, A) is an integer, then the o function does not give a unique degree for each leg (Remark
1.9). But the result of Theorem 2.1 is nevertheless independent of the choice of semistable degree
distribution.

As an example for how simple this formula can be, consider the following.

Corollary 2.2. Forn=2g9g+2, and 1 <{¢ <g,

1 p e .
Froi2i11 Dict 1 yog40 = { rn Wi=1{ (mod 2) andi >,
- .

(7 0 otherwise.

Before delving into the proof of Theorem 2.1 (in Section 2.4), we first explain our approach (in
Section 2.1), and develop a tool we will use (in Section 2.2), which is a rational lift to Uy, of the
image C in VWC{ 4 of a given F-curve.

2.1. Approach to the proof of Theorem 2.1. Let C' be the image of F(A1, Ag, Az, Ayg) in

VV%A under the map ¢ 4. Let L = O(y, A) be an allowable polarization on Uy, and let L=

L//. 4SL(d+ 1) be the associated ample line bundle on de, - By the projection formula,
F(Ay, Ay, A3, Ay) - Dya=C-L.

Therefore, to prove Theorem 2.1 we need to compute C' - L. To do this, we will lift C' to an
appropriate curve C' on Uy, and do the intersection there.
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Definition 2.3. Let C be a curve in VWdA, and let m: U35 — VWdA be the quotient map. A rational
lift of C' to Uy, is a curve C in Udn such that

e a general point of C lies in Uit

o 7(C) = C and bE C --» C is degree 1.

A section of L can be pulled-back to a section of L that vanishes on the unstable locus. It follows
that if we have a rational lifting C, then by the projection formula we have

C-L=C-(L-) tE)

for some rational numbers ¢; > 0, where the sum is taken over all irreducible unstable divisors. By
the proof of [GJM11, Proposition 4.6], there are two types of unstable divisors. One is a divisor of
curves with unstable degree distribution and the other is Dgcg, the divisor of curves contained in
a hyperplane. If C intersects Dgeq only among unstable divisors, then C' - L = C- (L — tDgeg) for
some t > 0.

2.2. An explicit rational lift. In this section we will construct a rational lift C to Ug,n of the
image C in V,ycf 4 of an F-curve F(Aq, Ag, A3, Ay) in Mg ,,. This lift C will be used to prove Theorem
2.1 in Section 2.4.

An F-curve is isomorphic to M 4 = P'. Thus the total space of an F-curve is a family of curves
over P!, which is a reducible surface for n > 5. It consists of five components. One corresponds to a
varying spine, which is isomorphic to the universal curve over My 4, hence to Mg 5. The other four
components are constant families over P!, which correspond to four fixed legs. We will think of the
total space X = Moﬁ of spines as the blow-up of 3 points on the diagonal in P* x P'. The points
of attachment to the legs L(A;) labeled by A;, As and Az will correspond to the 3 sections of X
through the exceptional divisors, while the point of attachment to the leg L(A4) will correspond
to the diagonal. We denote the classes of the total transforms of two rulings on P! x P! by F (for
fiber) and S (for section), and the exceptional divisors by E;. Then on X 2 My 5, the 10 boundary
classes are given by

Dis=S5—FE1,Dys =85 —FE2,D35 =5 —FE3,D45 =F+S — E; — Ey — E3,

1
M) Dy =F —FE,Dy=F — Ey, D3y = F — E3,Do3 = E1,D13 = Ey, D1o = E3.

Here is an outline of the construction of an explicit rational lift of a curve on Vvd’ 4. For a curve
isomorphic to P! on de’ 4> we need to construct a family of rational curves in P? of degree d over
P!, with n sections. First of all, we will construct a map from X to P? by constructing a base-point
free sub linear system V of a certain divisor class on X. After that we will attach four fixed legs,
to make a family of degree d rational curves. To get a family of curves whose general member is
inU jfn, the general member must satisfy certain degree conditions on each irreducible component
and it must be non-degenerate. Let o(A;) be the degree of the leg containing marked points in 4;."
Then the general fiber must have degree

b:=d— ZO’(Ai).
i=1

Iyf Ui% = Ui, then the degree of the leg is uniquely determined by the o function in [GJMI11], but if there
are strictly semi-stable points, then the degree is not determined uniquely. In this case we can take any degree
distribution which gives semistable points. See Remark 1.9.
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As the cross-ratio of the 4 points on the spine varies, there are 3 points where the spine breaks into
two components. The degree of one of these components where A; and A; come together is exactly

cij :=d—o0(4;) —o(4;) —o([n]\(4i U A4;)) = o0(A; UAj) —o(Ai) —a(4;).

We therefore consider the following divisor class on X (which depends on an integer a > 0):

3
H(a) =aF +bS — Zci4Ei~
=1

When a > 0, it is base-point free (Lemma 2.4), so it defines a map to P?. Moreover, for a > 0, we
can take a subspace V C HY(X, H(a)) of dimension b+2 such that its restriction V| to every fiber
defines a rational normal curve of degree b, thus it is non-degenerate (Lemma 2.6). In Proposition
2.7, we show that the general point of the family obtained by attaching four fixed tails is semistable
by showing it satisfies degree conditions.

Lemma 2.4. For a>> 0, H(a) is base-point free.

Proof. Since X is a del Pezzo surface, it is well-known that if H(a) is nef, then H(a) is base-point
free. On X = M5, the cone of curves is generated by the classes D;;. Thus by using the explicit
descriptions of the divisors D;; given in (1) above, it is straightforward to check that H(a) is nef if
and only if
3
a > Ci4,b > ci4,a+b > ZCM'
i=1

The second inequality is immediate because b = c19+c34 = c13+C24 = c14+c23. So if a is sufficiently
large, then H(a) is nef and base-point free. O

Lemma 2.5. For a > 0, the map H°(X, H(a)) — H°(F, H(a)|r) is surjective.
Proof. By the exact sequence
0— H%X,H(a) - F) - H°(X,H(a)) — H*(F, H(a)|r) — H'(X, H(a) — F),

it suffices to show that h'(X, H(a) — F) = 0. Since X is a del Pezzo surface, — Ky is ample. Thus
H(a)— Ky is ample for a > 0 by Lemma 2.4 and h*(X, H(a)) = h'(X, H(a)—Kx+Kx) = 0 fori >
0 by the Kodaira vanishing theorem. Since H(a)—F = H(a—1) by definition, h'(X, H(a)—F) =0
for large a as well. O

By a Riemann-Roch calculation, if ¢ > 0 then

5 cis+1
hO(X,H(a)):3ab—Z< 42 )+1.

i=1

For sufficiently large a, h°(X, H(a)) is therefore greater than d + 1, so we cannot use the complete
linear system |H(a)| to construct a map to P?. To deal with this problem, we use the following
Lemma.

Lemma 2.6. Let V C H(X, H(a)) be a general linear subspace of dimension h®(F, H(a)|r) +1 =
b+2. Fora>> 0, the map V — HO(F,H(a)|r) is surjective for every fiber F.
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Proof. For a given fiber F, write K for the kernel of the map H°(X, H(a)) — H°(F, H(a)|r). By
Lemma 2.5, K is a linear space of dimension h°(X, H(a) — F). We will show that dimV N Kp = 1
for every fiber F'. In particular, denote the fiber over a point y € MOA =~ Pl by F,, and consider
the variety

Z={(y,V) €P' x Gr(b+2,H°(X,H(a))) | dimV N Kp, > 2}.

The fibers of Z over P! are Schubert varieties, which are known to be irreducible of codimension
2 in the Grassmannian. It follows that dim Z < dim Gr(b+ 2, HY(X, H(a)), and thus Z does not
map onto the Grassmannian. We therefore see that, for the general V € Gr(b+ 2, H*(X, H(a))),
dimV N Kg, < 2 for every y € P. On the other hand, we see that dimV N Kpg, > 1 trivially for
dimension reasons. It follows that the map V — HO(F, H(a)|r) is surjective for every fiber F. [

By Lemma 2.6, if we consider the map X — P! corresponding to the linear series V, we see
that each individual fiber is mapped to P**! via a complete linear series. The general fiber therefore
maps to a smooth rational normal curve of degree b and the three special fibers map to nodal curves
whose two components have the appropriate degrees. Then, as long as b < d, one can embed this
PP*! in P? and obtain a family of curves in this projective space.

Now consider the case of b = d. Because X is a surface and d > 2, we can take a point
p € PPT1 < X. Considering a projection from p, we obtain a family of curves in P? with the same
degree distribution. We must choose the point p such that a general member of such a family
of curves is semistable. Because it has the correct degree distribution, it suffices to check that a
general member of the family is not contained in a hyperplane. But the image of a curve under
projection is degenerate only if the original curve is degenerate.

To each of the 4 sections we attach a family of curves that does not vary in moduli. Using
the same trick as before, we may take 4 copies of P! x P!, mapped into P? via a linear series
Vi C |O(24,9i)|, where

H(a) - (S — E;) = a — cia, i#4,
€Tr; = .
H(a) - (F+S-Y7_ E)=a+b—37_ ¢y i=4

and y; = o(A;) is the degree of the leg. Note that if b = d, then o(A;) = 0 so we don’t need to
worry about the construction of extra components.

Proposition 2.7. The family we have constructed is a rational lift of ¢ a(F (A1, A2, A3, Ag)). It
does not intersect any GIT-unstable divisor other than Dge,.

Proof. We claim that all of the members of this family satisfy the degree conditions required by
semi-stability. Indeed, the general member is a nodal curve with 4 components labeled by the A;’s.
The degree of the leg labeled by A; is O(zi,yi) - O(1,0) = o(A4;) and the degree of the spine is
H(a)-F=b=d-— E?:l o(A;). As one varies the cross-ratio of the 4 points on the spine, there
are 3 points where the spine breaks into two components. The degree of these components are for
instance H(a) - By =ciu =d —0(A4) — (A1) —o([n]\(A1 U A1)) and H(a) - (F — E1) =b—c1a =
d—o0(Az) —o(As) —o([n]\(A2 U A3)). O

2.3. Divisor classes on U, ,. The main result of this section is Lemma 2.9, which gives a numerical
relation between several divisor classes on Uy j,.

Definition 2.8. Let H be the divisor class on Uy, parameterizes curves which meet a fived codi-
mension two linear subspace in P%. Let Dy, be the divisor class on Uqan which is the closure of the
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locus parameterizes curves with two irreducible components with degree k and d — k respectively.
Finally, let Dgeq be the divisor of curves contained in a hyperplane.

Lemma 2.9. The following numerical relation holds in N'(Ug.,,).
1 15)
Daeg = 55 ((a+1)H - kzl K(d— k)Dy ).

To prove this result, we will use a result of [CHS08] about the moduli space of stable maps. A
map f: (C,p1, - ,pn) — P" from an arithmetic genus 0 curve C' with n marked points to P" is
called stable if

e (' has at worst nodal singularities,
e p; are distinct smooth points on C,
o we + Y. pi+ f*O(3) is ample.
We say that f has degree d if f*O(1) has degree d on C. A moduli space of stable maps Mg, (P", d) is
the moduli space of degree d stable maps from genus 0 n-pointed curves to P". For more information
about moduli space of stable maps, see [FP97].
Here is a list of properties of Mom(]P’d, d) we will use in this paper.
(1) There is a forgetful map f : Mg, (P?,d) — Mg o(P?, d), which forgets the n marked points
and stabilizes the map.
(2) There are several functorial morphisms. A cycle morphism My, (P, d) — Chow(1,d,P?)
maps a stable map to its image of fundamental cycle of the domain. There are n evaluation
maps Mo, (P4, d) — P? which send a stable map to the image of i-th marked points on P?.
By taking the product of these maps, we have a cycle map

g : Moo (P d) — Chow(1,d,P4) x (P%)"

and obviously it factors through Uy .
(3) We can define divisor classes H, Dy, and Dgeq on MQ,H(IP’d, d) using the descriptions given
in Definition 2.8.

Proof of Lemma 2.9. By [CHS08, Lemma 2.1], on the moduli space of stable maps Mo (P4, d),
1 L5]
- ((d FOH =S k(- k)Dk>.
k=1
If we pull-back Dge, by the forgetful map f : Mo, (P4, d) — Mo(P? d), then we obtain the
same formula for Dge, on Mo,n(Pd,d). Now for the cycle map g : Mom(Pd,d) — Uqpn, we have

9«(H) = H = Ochow(1), g«(Dg) = Dy, and g4(Dgeg) = Dgeg. Therefore the same formula holds for
Ud n.- O

[NlisH

Ddeg =

2.4. Proof of Theorem 2.1. In this section we prove Theorem 2.1, which relies on the curve
constructed in Section 2.2.

Proof. As is explained in Section 2.1, to prove Theorem 2.1, we shall compute the intersection of
C, the image of F(A1, Ag, Az, Ay) in Vvd,A7 with the natural ample line bundle L. To do this, it
suffices to find a rational lift C of this curve to Uq,n such that a general element of Cis semistable,
and compute the intersection in Uyg,,.
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By Proposition 2.7, the family constructed in Section 2.2 has this property, so we can use it
to carry out these computations. To compute the intersection of C with Ochow(1), fix a general
codimension 2 linear space in P¢. The intersection number is precisely the number of curves in the
family that intersect this linear space. In other words, it is the total degree of our 5 surfaces. Hence

4
C-Ochou(1) = H(af+ 3 Owiry:)”

3 3 3
= 2ab— > i+ > 2(a—ci)o(A)+2a+b— > cia)o(As)
i= i=1 j=1
3 3
= 2ad +20(A)b— Y ¢l =Y 2(0(A) + o(As))cia.
=1 =1

Similarly, to compute the intersection of C with Opa(1), fix a general hyperplane in P?. The in-
tersection number is precisely the number of points at \gvhich the j-th section meets this hyperplane.
In other words, it is the degree of the j-th section. If A; is the part of the partition containing j,
then we see that

a — Ci4, ) 7é 4,

a—i—b—Zi:ch, 1= 4.

One can then easily compute the intersection with L = ®?:1 Opia(a;) ® Ochow(7y) by linearity.
J

5 : Opg(l) = O(mz,yl) . O(O, 1) = T; = {

If we denote ZieAj a; by wa; and w = Yo ai, then

3 3
C-L = ~(2ad+20(A4)b 204 ZQ (A; + Ay))cig)
=1 =1
3
—l—ZwA — Ci4) +wA4(a+b—Zc,~4)
=1

= (2dy+w)a— Z &y + (20(Ag)y +wa,)b
i=1
3
- 2(27(0(141) + 0 (Ag)) +wa, +wa,)cia.
i=1
Recall that C-L = C - (L — tDygeq) for some positive rational number ¢ (Section 2.1). It remains
to determine the value of t. By Lemma 2.9,

3
C- Dyeyg = d;;il (2ad +20(Aq)b — 2614 Z 2(0(A;) + O‘(A4))Ci4>
=1 =1
4 3
+%<ZU(Ai)(d Z (A; U Ay)) d—a(A¢UA4))).
i=1 i=1

Note that the rational lift depends on the choice of a. To obtain an intersection number C' - L =
C - (L — tDgeq) that is independent of the choice of a, the coefficient of a must be 0. Thus

t(d+1)
2

2dy +w — 2d=0
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and t = 200 — 1 4 4,

14+d
Therefore,
C-L = C-(L- (14 7)Dgeg)
3 3
= (Y ey + (way = oAb+ D (5(0(A) + 0(A1) — wa, —wa,)eis
i=1 =1
4 3
1;77(2 o(Ai)(d— o(Ai) =) o(AiUAg)(d - o(A; U Ay))).
=1 =1

O

2.5. Example and application of Theorem 2.1. As the F-curves span the vector space of
1-cycles, Theorem 2.1 gives, in principal, the class of D, 4 in the Nerén Severi space. Using a
particular basis (described in Definition 2.10), we explicitly write down the class of D, 4 for S,-
invariant weights A. The classes depend on the intersection numbers, which as we see below in
Example 2.13, are particularly simple for De L (202

Definition 2.10. [AGSS12, Section 2.2.2, Proposition 4.1] For 1 < j < g:= |5 — 1], let F; be the
Sp-invariant F-curve F1 1 jn—j—2. The set {F; :1 < j < g} forms a basis for the group of 1-cycles
Nl(ngn)S".

Definition 2.11. [KM96, Section 3] For 2 < j < [§], let B; be the Sy-invariant divisor given by
the sum of boundary divisors indexed by sets of size j:

Bi= > 4,

The set {B; : 2 < j < g+ 1} forms a basis for the group of codimension-1-cycles N (Mo, )5n.

Corollary 2.12. Fixn=2g+2 orn=29+3 and j € {1,--- ,g}, and write a(y, A)j = Dy a - F}.
If A is an Sp-invariant choice of weights, then Dy o =Y 9_, b(v, A)rByr11, where

r—1 .
Z(Jﬂl <r—j>)“”’A”+T§f+f)Z“”’A)”

Jj=1 Jj=r

when n = 2g + 3 is odd, and

r—1 g—1
( rr+1) (T—j)> (7, 4); + D Za W@(%A)g

=\ - 1 n—1 = 2(n—1)
when n = 2g + 2 is even.
Proof. This follows from the formula given in [AGSS12, Theorem 5.1]. O

Example 2.13.

1 & (r(r+1) (g—0+1 r—~0+1 r—~>0+1
Do = — Br ,
()0 £+1;< n—1 2 2 |,L 2 J,)7

where

[2] = max{[z],0},  [z]4 = max{|z],0}.
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Proof. Indeed, by the previous results, we have

r—1 g—1
b(v, A)y = <r(r+1) —(r— J)) a(v, A); (r+1) Z a(y W@(% A)g

n—1

g r—1
- “””Zam@j—;"&i o~ S0 =t
Jj=1

By Corollary 2.2,
—/ —
A (5 + 1) , g={ (mod 2),

g
a(fya A)] = _
;::1 H% M) ,  g#Z/{ (mod2).

Also a(y,A)y = m if g = ¢ (mod 2) and zero if g #Z ¢ (mod 2), so we can write

rT—

I r(r+1)g-— 6—1—1
l+1 n—1

1
7”—] )J'
7j=1

b(’% A)r =

By a similar case-by-case computation, one obtains

(#)2’ r;‘éﬁ (m0d2)and€§7~_1,

r—1
Z(T_j)a(%A)j = W, r=/{ (mod?2)and¢<r—1,
=1 0, {>r—1

r—0+1. r—/0+1

0

3. A NEW MODULAR INTERPRETATION FOR A PARTICULAR FAMILY OF VERONESE QUOTIENTS

Vg—i—l —/

7(
10N+
and 1 < ¢ < g. In Theorem 3.5 we give a new modular interpretation of them as certain contractions

In this section, we study the family of birational models for My ,,, where n = 2(g+1)

)29+2

of Hassett spaces

; V9+1 —L
1 7(£+1

e MO,(Z_%I—e)" )29+2

where so called even chains, described in Definition 3.4, are replaced by particular curves. In order
to see that the morphisms 7, exist, we first prove Proposition 3.2, which identifies the Veronese
quotient associated to a nearby linearization with the Hassett space MO (= The results in this
LA
section allow us in §4 to prove that nontrivial conformal block divisors D(slz, ¢, w%g +2)
e+1 ’( +1 )2e+2’

are pullbacks
of ample classes from

Remark 3.1. Because their defining linearizations (4=, (25 )2912) lie on GIT walls, these Veronese

10 \7+1
Vngl (L - ) admit strictly semistable points, and thus their corresponding moduli func-
Z+1’ £+1

tors are not in fact separated. The quotient described in Theorem 3.5 is not isomorphic to a modular
compactification in the sense of [Smy09] (cf. Remark 3.6). In fact, the only known method for
constructing this compactification is via GIT. This highlights the strength of the Veronese quotient
construction, as we show here that you can use them to construct “new” compactifications of Mg,
— compactifications that have not been described and cannot be described through any of the
previously developed techniques.

quotients 2942
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3.1. Defining the maps 7y. In this section we define the morphism

Vi g+1-£
Ty - 1\/,[07(£+L1 )29+2 — Vé

2g9+2°
()t

obtained by variation of GIT. As mentioned above, each of the linearizations (ﬁ;—i, (@%1)29“) lies
on a wall. To show that 7y exists, we will use the general variation of GIT fact that any quotient
corresponding to a GIT chamber admits a morphism to a quotient corresponding to a wall of that
chamber. Namely, in Proposition 3.2 below, we identify the Veronese quotient corresponding to

a GIT chamber that borders the GIT wall that contains the linearization (ﬁ%, (@%1)29“). We

then use this to describe the morphism to the Veronese quotient Vngl (L —t j2ata” We note that the
r1\7+1

Veronese quotient discussed in Proposition 3.2 is in general not a modular compactification of M j,
but it is isomorphic to one (unlike the quotients described in Theorem 3.5).

Proposition 3.2. For2 <{<g—1, and € > 0 sufficiently small, the Hassett space M,, (s —e)2a+2
b +1
is isomorphic to the normalization of the Veronese quotient

g+1-¢
VEL et -opo
Here € is a positive number that is uniquely determined by the data d = g+ 1 — £ and A =
(741 — ©*"2 (¢f. Definition 1.1).
s . . NT g—l—l —L .
Proof. By Proposition 1.3, there is a morphism ¢, : MO,(H%—E)29+2 —V; 1 (A grery which fits
into the following commutative diagram:

MO,n
P 1 _¢)29+2
v, ( €)°9
» l x
&~

g+1—¢
1
T e (e

P

7192
Ml),(@%l—e)%*'2 - —€)20+2°
Thus to prove the result, it suffices to show that ¢, is bijective. Since (g — )y + (29 + 2)(4Jrl €) =
g+2—14,
2 2(g+1) .
{+1 g—10 =
If ¢ > 3, we have v > % and a curve in the semistable locus U?%% G 1—0.2g+2
singularities by Lemma 1.2. Similarly, the sum of the weights at a node cannot exceed 1 — v =

é—i2-1 (ggH) < Q(H—1 —€). So at a node, there is at most one marked point.

Ife=2, 7>3,soacurvean

y=1-

does not have multinodal

+1 02942 has at worst a multinodal point of multiplicity 3. Note

that 1 — (3—1)y = % et e o 3 — ¢, so by Lemma 1.2, there can be no marked point at a triple

g—2
@H)

point. Similarly, since 1 —(2—1)y = € < 2(1 —¢), there can be at most one marked point

3
at a node.

To summarize, there is no positive dimensional moduli of curves contracted to the same curve.
In other words, ¢, is an injective map. The surjectivity comes directly from the properness of both
sides. 0

Remark 3.3. (1) In [GIM11, Theorem 7.1, Corollary 7.2], the authors show that for certain
values of v and A, the corresponding Veronese quotient is My _4. Proposition 3.2 indicates
precise values of v and A when A is symmetric.
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(2) The normalization map of a Veronese quotient is always bijective ([GJM11, Remark 6.2]).
Thus at least on the level of topological spaces, the normalization is equal to the Veronese
quotient itself.

(3) If g = f mod 2, there are strictly semi-stable points on Ugyi_y 2442 for the linearization

(% +e (@%1 — €)29%2). Indeed, for a set J of g + 1 marked points, the weight function

9+ DT —9—1 _ (9-0g—0—(g—Og+D(+1e _g—¢

2(g+1 - _ -
2 — Al 2(9—0) —2(g+1)(£+ 1)e 2

¢(J777 A) -

is an integer. So the quotient stack [U5%, ;4 .o/ SL(g+ 2 — ¢)] is not modular in the sense
of [Smy09].
(4) Even if the GIT quotient is modular, the moduli theoretic meaning of

T 1-¢
M and VIt
07(24%1_6)2%—2 V§+}+e ( —e)29+2

may be different in general because on the GIT quotlent, multinodal singularities and a
marked point on a node are allowed. But the moduli spaces are nevertheless isomorphic.

(5) The condition on ¢ is necessary. Indeed, if £ = 1 or g, the GIT quotient is not isomorphic
to a Hassett space.

3.2. The new modular interpretation. In this section we will prove Theorem 3.5, which de-

scribes the Veronese quotients V77| gri=t
()

chains in the Hassett spaces 1\/[0 (L —on are replaced by other curves, described below.
(71

2942 @S Images of contractions where the so-called even

Definition 3.4. A curve (C,x1,...,%2442) € MO’(H%%)QQH is an odd chain (resp. even chain)
if C contains a connected chain C1 U ---U Cy of rational curves such that:

(1) each C; contains exactly two marked points;

(2) each interior component C; for 2 < i < k — 1 contains ezxactly two nodes C; N Cij—1 and
CiNCiyy;

(3) aside from the two marked points, each of the two end components Cy and Cy, contains two
“special” points, where a special point is either a node or a point at which £ + 1 marked
points coincide. In the first case, we will refer to the connected components of C' UleCZ-
as “tails”. We will regard the second type of special point as a “tail” of degree 0;

(4) the number of marked points on each of tails is odd (resp. even).

Figure 1 shows two examples of odd chains, when £ is even.

Ci Oy Cs Cy (+1vtse=c o Cs  C
FiGure 1. Examples of odd chains

Theorem 3.5. If 3 < ¢ < g—1 and ¢ is even (resp. odd), then the map 1, restricts to an
isomorphism away from the locus of odd chains (resp. even chains). If (C,x1,...,%2442) is an
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odd chain (resp. even chain), then 1(C,x1,...,x24+12) is strictly semistable, and its orbit closure
contains a curve where the chain Cqp U ---U Cy has been replaced by a chain Dy U ---U Dy with
two marked points at each node D; N D;y1 (see Figure 2).

FI1GURE 2. The contraction

Proof. Note that both the Hassett space and the GIT quotient are stratified by the topological types
of parametrized curves. Furthermore, 74 is compatible with these stratifications, so 74y contracts a
curve B if and only if

(1) B is in the closure of a stratum,

(2) a general point (C,z1,---,22442) of B has irreducible components C1,Cs,--- ,C) with
positive dimensional moduli,
(3) C; is contracted by the map from C' to 74(C,x1,- - , Z2442) and

(4) the configurations of points on the irreducible components other than the C;’s are fixed.

A component C; C C € MO (L —e)20t2 has positive dimensional moduli if it has four or more
INL+1

distinct special points. If a tail with %k points is contracted, then k(u_%) < 1. But then k(p%l—e) <1,
so such a tail is impossible on MQ(H%_E)QQH. Thus no tail is contracted. Now ~ = g% > % By
Lemma 1.2, a curve (D, y1,- - ,Y2g+2) € 9i1-0.9g+2 has at worst triplenodes if £ = 3 and nodes if

£ > 4. Moreover, the sum of the weights on triplenodes cannot exceed 1 — 2y = ?Jr;f < 0, so there
are no marked points at a triplenode. Since 1 —~y = HLI’ there are at most two marked points at
a node. Therefore, the only possible contracted component is an interior component C; with two
points of attachment and two marked points.

Now, let C; be such a component. Connected to C; there are two tails 7 and T (not necessarily
irreducible), with ¢ and 2¢g — ¢ marked points respectively. (Here we will regard a point with ¢ + 1
marked points, or equivalently, total weight 1 — (£ 4+ 1)e as a ‘tail’ of degree 0.) If i = ¢ mod 2,
then ¢(T1) = =51 and ¢(Ty) = Mi (see Definition 1.6), so neither is an integer. Hence the
degree of the component C; is
i—0—1 2g—i—4—1

51+ 5 D=1

and thus C; is not contracted by the map to 7,(C,x1,-- ,%2442). On the other hand, if i =
¢+ 1 mod 2, then both ¢(T}) = # and ¢(Tz) = % are integers. Therefore, this curve lies
in the strictly semi-stable locus and the image 74(C,x1,- -, 244+2) can be represented by several
possible topological types. By [GJM11, Proposition 6.7], the orbit closure of 7(C,x1, - , 2442)

contains a curve in which Cj is replaced by the union of two lines Dy U Do, with two marked points
at the node Dy N Ds. ]

d—(o(T) +0o(T2)) = g+1-L—(]
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Remark 3.6. Note that 7, restricts to an isomorphism on the (non-closed) locus of curves consisting
of two tails connected by an irreducible bridge with 4 marked points. But, on the locus of curves
consisting of two tails connected by a chain of two bridges with two marked points each, 7, forgets
the data of the chain. The map 7, therefore fails to satisfy axiom (3) of [Smy09, Definition 1.5].
In particular, the Veronese quotient described in Theorem 3.5 is not isomorphic to a modular
compactification in the sense of [Smy09].

3.3. Morphisms between the moduli spaces we have described.

Corollary 3.7. If 1 < ¢ < g — 2, then there is a morphism

T g—1—¢
0042 My (1212 =V
Veers Mo ghp-oprs = Vi (s

preserving the interior.
Proof. For 1 < /¢ < g — 3, we consider the composition

T g—1—¢

M, 1 — M — V7

0’(m )29+2 07( )2Q+2 ﬁié:(zi3)2g+2’

where the first morphism is Hassett’s reduction morphism [Has03, Theorem 4.1] and the last mor-
phism is 7yy9.

If { = g—2, then Vggﬂif( operr = = (P1)29%2 //SL(2) with symmetric weight datum. Because
443 Z+

there is a morphism Mg 4 — (P1)?9%2 // SL(2) for any symmetric weight datum A ([Has03, Theorem

8.3]), we obtain ¢y 4. O

To obtain morphisms between the moduli spaces described in Theorem 3.5, we consider the
following diagram.

MOm,
/ \
MO,(H%—E)QQH MO (W_E)29+2
Vi i === - Vi (e

Proposition 3.8. If 3 < /(< g — 2, then the morphism 1y 19 factors through 7.

Proof. By the rigidity lemma ([Kee99, Definition-Lemma 1.0]), it suffices to show that for any curve
B C M 0,(7y—e)29+2 contracted by 7y, the morphism 1y 12 is constant. We have already described
the curves contracted by 7¢ in the proof of Theorem 3.5, so it suffices to show that the same curves
B are contracted by vy ¢42.

When ¢ < g — 2,7 =/¢+1mod 2 if and only if i = ({4 2) + 1 mod 2. So the image of B is
contracted by

v g—1—¢
Te+2 ¢ MOy(H%—d%”'Q — Ve+1 1

5o (yg)?ot?
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If £ = g — 2, then ¢4_o 4 is Hassett’s reduction morphism
Mo,(ﬁ—e)%w — (P1)*72 )/ SL(2).

In this case there are two types of odd/even chains (of length 1 or 2). It is straightforward to
check that these curves contracted to an isolated singular point of (P)29%2 // SL(2) parameterizing
strictly semi-stable curves. ([l

4. HIGHER LEVEL CONFORMAL BLOCK DIVISORS AND VERONESE QUOTIENTS

The main goal of this section is to prove Theorem 4.6, which says that when n = 2g + 2 the
divisors Dy 4 = D% (k)2 and D(sly, ¢, wfg“) determine the same birational models. To prove
this, we will show that D(sly, ¢, wngrQ) and D, 4 lie on the same face of the semi-ample cone.

To carry this out, we use a set of S;,-invariant F-curves, given in Definition 2.10, which were shown
in [AGSS12, Proposition 4.1] to form a basis for Pic(Mj,)%". Using Theorem 2.1, we obtained a
simple formula for the intersection of these curves with D, 4 in Corollary 2.2. We then show that

20421 . . . o .
D(sly, £,w:?"?) is equivalent to a nonnegative combination of the divisors {D ¢x2e—1 (ot y2ge2 ik €
C4+2k+1\0+2k+1

Z>0,¢+ 2k < g} (Corollary. 4.5). This follows from Proposition 4.4 which shows that the nonzero
intersection numbers D(sly, ¢, w%g +2) - F; are nondecreasing.

4.1. Definition of vector bundles of conformal blocks and related notation. In this section
we briefly give the definition of conformal block divisors and explain our notation. The readers can
find the details in [Uen08, Chapter 3, 4]. For representation theoretic terminologies and definitions,
consult [Hum78].

Let g be a simple Lie algebra. Fix a Cartan subalgebra h C g and positive roots AT. Let
6 € A be the highest root, and let ( , ) be the Killing form normalized so that (6,0) = 2. For
a nonnegative integer ¢, the Weyl alcove P, is the set of dominant integral weights A\ satisfying
(A, 0) < ¢

For a collection of data (g, ¢, )= (A1, -+, An)), where g is a simple Lie algebra, ¢ is a nonnegative
integer, and X is a collection of weights in P, we can construct a conformal block vector bundle
V(g, ¢, N) as follows.

For a simple Lie algebra g, we can construct an affine Lie algebra

g=9®C((z)) ®Cc
where c is a central element, with bracket operation
(X ®[,Y®g]=[X,Y]® fg+c(X,Y)Res.— gdf.

For each £ and \ € Py, there is a unique integrable highest weight g-module #, where ¢ acts as
multiplication by £. Let Hy = &, Hy,. There is a natural §,-action on H 5 Where

in =P e C((=)) ® Ce.

i=1

Now fix a stable curve X = (C,p1,- -+ ,pn) € Mgn. Set U = C—{p1,--- ,pn}. There is a natural
map Oc(U) — @, C((z;)). Thus we have a map (indeed it is a Lie algebra homomorphism)

9(X) = 9@ O0c(U) = P g C((2:)) & Ce = gn.
i=1
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The vector space V(g, ¢, X)|x of conformal blocks is defined by Hy/9(X)Hy. In [Uen08], it is
proved that this construction can be sheafified ([Uen08, Theorem 4.4]), and these vector spaces
form a vector bundle V(g, £, X) of finite rank over the moduli stack M,.,, ([Uen08, Theorem 4.19]).
Finally, a conformal block divisor D(g, 7, X) is the first Chern class of V(g, £, X).

In this paper, we focus on g = sly cases.

4.2. Intersections of F; with D(sly, ¢, wfgﬁ) are nondecreasing. In this section we prove
that the nonzero intersection numbers of ]D)(slg,ﬂ,w%g”) with the S, invariant F-curves F; are
nondecreasing.

We recall some notation from [AGS10].

Definition 4.1. We define

re(ar, -+ ,ap) :=rank V(sly, £, (w1, -+ , apwy))
and as a special case,
ro(k ) := rank V(sly, £, (kwy, - - -, kwy, twy)).
—_———
7 times
For the basic numerical properties of r¢(ay, - - ,ay), see [AGS10, Section 3.

Proposition 4.2. The ranks 7¢(17,t) are determined by the system of recurrences
(2) re(U, ) =rp(U Nt = 1) + (U e+ 1), t=1,--- L
together with seeds
re(1,5) =1, ifj <t and r(1,5)=0, ifj> L.
Remark. The recurrence (2) is somewhat reminiscent of the recurrence for Pascal’s triangle.

Proof. Partition the weight vector (1,---,1,t) = 19t as 1771 U(1,¢). If j+t is odd, then by the odd
sum rule ([AGS10, Proposition 3.5]) r,(17,¢) = 0. So assume j + ¢ is even. Then the factorization
formula ([AGS10, Proposition 3.3]) states

L

(3) Tf(lj’t) = ZTZ(lj_lvﬂ)Tl(lvtuu)'
pn=0

We can simplify this expression. Recall that by the sly fusion rules ([AGS10, Proposition 3.4]),
re(1,t,0) is 0if p > t+ 1 or if 4 < ¢t — 1. Thus the only possibly nonzero summands in (3) are
when p=1¢—1,t, or t + 1. But when u = ¢t, by the odd sum rule ([AGS10, Proposition 3.5]), we
have ry(1,¢,¢t) = 0. Thus (3) simplifies to the following:

re(1,t) = re(U7 1t — 1)+ (1971t 4 1) t=1,---,0—1;

re(19,0) = rp(107 0 —1).

Since r4(1771,£ 4+ 1) = 0, we can unify the two lines above, yielding (2). O

Lemma 4.3. Let iy < is and j1 < jo. Suppose iy = is = j1 = jo (mod 2). Then (1%, j1)re(1%2, jo)—
Tf(lilan)Tf(lizajl) Z 0.
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Proof. We prove the result by induction on i3. For the base case, we can check (i1,i2) = (0,2)
and (i1,42) = (1,3). If (i1,i2) = (0,2) the result is true since ry(t) = 0 if ¢ > 0. Similarly if
(i1,42) = (1, 3) the result is true since ry(1,¢) =01if ¢ > 1.

So suppose the result has been established for all quadruples (i1, 2, j1, j2) with io < k — 1. We
apply the recurrence (2):

re(1, J1)re(172, jo) — re(1™, jo2)re(1, 1)

= <Te(1i117j1 — 1) + (1" Gy + 1)> <W(1i217j2 — 1) + (127 G+ 1))

- (Te(lill)jQ - 1) + Te(]'ilil)jz + 1)> (T€(1i21)j1 - 1) + T€(1i271)j1 + 1)>

= (177 5 = D127 Gy — 1) — (1071 Gy — Drp(1271 51 — 1)
+ (107 g — D127 Gy + 1) — rg(10 7L o + (1271 5y — 1)
+ (1 gy 4+ Dre(1271 Gy — 1) — re(177 o — Drg(1271 jy + 1)
+ (17 G 4+ (1271 o + 1) — (17 o 4+ Drp(1271 5 + 1),

By the induction hypothesis, each of the last four lines is nonnegative. O

Proposition 4.4. Suppose ¢ < i < g—2 and i = ¢ (mod 2). Then D(ﬁ(g,ﬁ,w%gﬂ) - F; <
D(s[z,ﬂ,w%g+2) - Fito. If, on the other hand, i = ¢+ 1 (mod 2), then D(slg,f,w%g+2) - F; =0.

Proof. By [AGS10, Theorem 4.2] we have ]]))(5[27€,w%g+2) - F; = r(18,0)r(1"12¢). By the odd
sum rule (JAGS10, Proposition 3.5]) we see that r,(1%,¢) = 0if i = £+ 1 (mod 2).
In the remaining cases, we seek to show that

(172, 0)rg(1" 74 0) — (18, 0) 7 (1772, 0) > 0.
We apply the recurrence (2) and use r,(17,¢) = 0 if ¢t > £ to obtain
Tf(li+27 E)Tf(]-n_i_étv 6) - T@(liv g)rf(]-n_i_Qa f)

— <m(1i+1,£ — 1)+ r (17 0+ 1)) re(1"4 1)

— (1%, 0) (rg(ln—i—3, C—1)4r,(1"3 0 + 1)>
= (10— D), (11 0) — (18, )7 (13,0 — 1)
— (W(ﬂ',e —2)+ m(ﬂ',ﬁ)) re(1V740) — (18, 0) <7“g(1n_i_4, 0 —2) 4 r,(1"72 z))
= (15,0 = 21" 0) — (18, £)rp(1" 1 0 — 2).
By Lemma 4.3, we have (1%, ¢ — 2)7“g(1"*i*4,€) — (1%, O)rp(17 4 0 — 2) > 0. O

Corollary 4.5. The divisor D(slg,f,wfgﬁ) 18 a nonnegative linear combination of the divisors
{Drror (L _y2042 k € Z>o,0 + 2k < g}. Moreover, the coefficient of D¢ (L )20+2 in this
> 1

Z+2k+‘1’ 2—072k+1 . . 41
expression is strictly positive.

Proof. This follows from Proposition 4.4 and the intersection numbers computed in Corollary 2.2.
O
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4.3. Morphisms associated to conformal block divisors. We are now in a position where we
can prove that the divisors D(sls, ¢, wfg“) give maps to Veronese quotients.

Theorem 4.6. The conformal block divisor D(sla, ¢, wfg+2) on Mo ag12 for 1 < £ < g is the pullback
of an ample class via the morphism

$e—1
v PA. T L v rg+1—4
@uA=¢uOPA-MO,n—>MO,A‘> =1 A
+1° +1 +1°

where A = (@%1)29*'2, and pa is the contraction to Hassett’s moduli space Mg 4 of stable weighted

pointed rational curves.

Proof. By [AGS10, Corollary 4.7 and 4.9] and Corollary 2.2, Dy (Ly2gre = ]D)(ﬁ[g,ﬁ,w%gw) if
£4+1

+17
¢ =1,2. When ¢ > 3, by Corollary 4.5, D(s[z,f,wfg+2) is a non-negative linear combination of

Desak—1 (1 yag4s where k € Z>p and £ + 2k < g. In the latter case, by Proposition 3.8, we see
trorr(margt) >

that all of the divisors in this non-negative linear combination are pullbacks of semi-ample divisors

from Vf_tlj. Moreover, one of them is ample, and it appears with strictly positive coefficient. The
asg

result follows. O

Remark 4.7. If n is odd, then all D(sly, ¢, (w1, -+ ,wi)) is trivial ([Fakl2, Lemma 4.1]). So it
suffices to consider n = 2g + 2 cases.

We note that, for a sequence of dominant integral weights (kjwi,--- , kywi) of sla, the integer
O %) — 1 is called the critical level ¢/. By [Fakl2, Lemma 4.1], if ¢ is strictly greater than
the critical level, then D(sly, ¢, (kywi, - - , knw1)) = 0, so the corresponding morphism is a constant
map.

When k1 = --- = k, = 1, the critical level is equal to g. Thus it is sufficient to study the cases
1 < ¢ < g. Therefore Theorem 4.6 is a complete answer for the Lie algebra sl and weight data w}
cases.

5. CONJECTURAL GENERALIZATIONS

Numerical evidence suggests that the connection between Veronese quotients and sl conformal
block divisors holds in a more general setting. In this section, we provide some of this evidence and
make a few conjectures.

5.1. sly cases. In this section, we consider sly symmetric weight cases, i.e, D(sly, £, kw]) for 1 < k <
£. Theorem 4.6 tells us that when k = 1, the associated birational models are Veronese quotients.
Before we can predict the birational models associated to other conformal block divisors, we need
the following useful lemma.

Lemma 5.1. [RW02, Formula (17)] The rank ry(a1,--- ,an) # 0 if and only if A =" | a; is even
and, for any subset I C {1,...n} with n — |I| odd, we have

A=(n=1)0<) (20— ).
el
Note that for a given weight datum, the left-hand side of this expression is fixed, while the

right-hand side is minimized by summing over all weights such that 2a; < .
The next result shows that when k = ¢, we get the same birational model as in the case of k = 1.
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Proposition 5.2. We have the following equalities between conformal block divisors:
D(sly, £, bw]) = (D(sly, 1,w7) = %ID)(EI%, 1,wy).

Proof. The second assertion is a direct application of [GG12, Proposition 5.1], which says that

1
D(E[Ta 17 <wZ17 T 7wzn)) = %D(E[Tka 17 (wk‘217 e 7wkzn>)-

For the first assertion, let D = D(sly, ¢, fw]'). It suffices to consider intersection numbers of D
with F-curves of the form F; = F,,_;_9;11. Then

EASE]

4

D Fiyipisis = Y, deg(V(sly, £, (uawr, ugwr, ugwr, ugwr)) [ [ re(e™, 1),
u€P4 k=1
where P, = {0,1,--- ,¢}. In the case where i3 = iy = 1, we may use the two-point fusion rule for

sly to obtain:

D-F;,= Z deg(V(slg, l, (ulwl, usw1, bwi, Ewl))’l”g(fniiiz, ul)w(ﬂi, UQ).
0<uy,u2<t
By the case I = {n} if n is even and I = () if n is odd in Lemma 5.1, we see that rg(fj,t) =0 if
0 <t < ¥ Hence

D-F,= Z deg(V(sly, £, (urwy, uswr, bwr, bwr))re(" ™72 ug ) re (£, us).
uy,u2=0,¢
But by [Fak12, Proposition 4.2], deg(V(sls, ¢, (0,0, fwi, bwy))) = deg(V(sla, £, (0, bw1, bwr, bwi))) =0
and deg(V(sly, ¢, (fwy, bw1, bwr,lwr))) = £. Thus
D - F; = lro(0" 72 0)re (6, 0).

It therefore suffices to show that ry(¢%, ¢) = ry(1%,1), but this follows by induction via the factor-
ization rules and the propagation of vacua. O

For the majority of values of k such that 1 < k < ¢, the divisor D(sly, ¢, kw}") appears to give a
map to a Hassett space. To establish our evidence for this, we first start with a lemma.

Lemma 5.3. Suppose that 1 < k < £. Then ry(k',t) = 0 if and only if either ki 4t is odd or one
of the following holds:

(1) 2k < 0 and i < max{f,2 — £};

(2) 2k > (€, i is even, and i < max{;*%,2 — 75};

(3) 2k > ¢, i is odd, and i < max{f ==.2- —}

Proof. Each of these follows from case by case analysis of Lemma 5.1 above and the remark that
follows it. O

We now consider which Sy-invariant F-curves have trivial intersection with the divisors in ques-
tion.

Proposition 5.4. Suppose that 1 < k < %Z and let D = D(sly, ¢, kw]). Assume that n is even and
< %" —1. (Recall that this is necessary for the non-triviality of D by remark 4.7.) Ifa < b < ¢ < d,
then D - Fopc.a=0 if and only if a+b+c < HTl
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Proof. By [Fak12, Proposition 4.7], the map associated to D factors through the map My, —
Mo (yn- It follows that, if a + b+ ¢ < E‘*'Tl, then D - F, 5 . q = 0. It therefore suffices to show the
N1

converse. We assume throughout that a + b+ ¢ > ”Tl.
By [Fak12, Proposition 2.7], we have

D Fapea= Y deg(V(sly, £, (urwr, ugwr, ugwr, uawn))re(k®, un )re(k®, ug)re(k®, us)re(k?, us).
aeP}
Since each term in the sum above is nonnegative, it suffices to show that a single term is nonzero.
We first consider the case that 2k < /. We set
[ min{ka, } if ka=/¢ (mod 2),
“ | min{ka,£—1} ifka# /¢ (mod 2).

Note that by assumption, both k(a + b+ ¢ + d) = kn and k(a + b + ¢) + £ are strictly greater
than 2¢ + 1. So it is straightforward to check that w, + wp + we + wg > 2¢ and £ + 1 > wy. Note
further that 2¢ 4+ 2 + 2w, > 2w, + we + wg and 2w, > 4. It follows that there is an integer wy,
such that w) = wy, (mod 2), 20 < wq + wy, + we + wg < 20 + 2 4 2w,. Then w, + wy + we + wg =
Wo+wp+we+wg = k(a+b+c+d) =0 (mod 2). Thus deg(V(sly, £, (waw1, wywr, wewr, wgwi))) # 0
by [Fakl2, Proposition 4.2]. It therefore suffices to show that ry(k% w,) # 0. But in this case,
Lemma 5.3 tells us that r,(k*, w,) = 0 only if a < max{%2,2 — 42} < max{a, 2}, which is possible
only if @ = 1. But then w, = k so r¢(k% w,) = r¢(k,k) = 1 # 0 by the two point fusion rule.
Therefore it is always nonzero.
We next consider the case that 2k > ¢. Note that in this case, ”Tl < 3, so we must show that
no F-curves are contracted. We set
w_{k if a is odd,
“ | 2(0—k) ifais even.

Again we have that /41 > max{wg, Wy, We, Wq}, 20 < watwptwe+wy < 204242 min{wg, wp, We, wWqt,
and wg + wp + we + wg = 0 (mod 2). Thus deg(V(sly, £, (wow1, wpwi, wewr, wqwi))) # 0 by
[Fak12, Proposition 4.2]. If a is odd, we see that r,(k* w,) = 0 if and only if a < 1. If a is
even, we see that ry(k* w,) = 0 only if a < 2. It follows that no F-curves are contracted. ]

By Proposition 5.4, we see that the F-curves that have trivial intersection with D(sly, ¢, kw?")
k \n ZMQTL—)MOLH. At the
e+1) ’ 7(z+1)

present time, this is not sufficient to conclude that D(sly, ¢, kw]) is in fact the pullback of an

ample divisor from this Hassett space, although this would follow from a well-known conjecture
(see [KM96, Question 1.1]).

are precisely those that are contracted by the morphism P

Theorem 5.5. Assume that n is even, 1 < k < %E, and £ < %” — 1. If the F-Conjecture holds
(see [KM96, Question 1.1]), then the divisor D(sla, ¢, kw}) is the pullback of an ample class via the

morphism p(e%)" : Mo, — Mov(e%)”' In particular, if K‘*'Tl <k< %6, then D is ample.

We note further that Proposition 5.4 does not cover all of the possible cases of symmetric-weight
sl conformal block divisors. In particular, if & > %6, then D(sly, ¢, kw}) may in fact have trivial
intersection with an F-curve if all of the legs contain an even number of marked points. Such is the
case, for example, of the divisor D(sls, 4, 3w?). This divisor has zero intersection with the F-curve
F(2,2,2,2) and positive intersection with every other F-curve. It is not difficult to see that the
associated birational model is the Kontsevich-Boggi compactification of Mg g (see [GJM11, Section
7.2] for details on this moduli space).
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5.2. Birational properties of sl, conformal blocks. We note that in every known case the
birational model associated to conformal block divisors is in fact a compactification of Mg ,. In
other words, the associated morphism restricts to an isomorphism on the interior. We pose this as
a conjecture.

Conjecture 5.6. Let D be a non-trivial conformal block divisor of sl with strictly positive weights.
Then D separates all points on Mg ,,. More precisely, for any two distinct points x1,x2 € Mo, the
morphism

H°(Mj ,, D) — Dz @ Dsy

18 surjective.

If true, this conjecture would have several interesting consequences. Among them is the following
simple description of the maps associated to conformal block divisors. Let D be a conformal block
divisor of sl. and pp : MO,n — X the associated morphism. Consider a boundary stratum

m
H MoJﬁ. — M(Ln.
i=1
By factorization [Fak12, Proposition 2.4], the pullback of a s, conformal block divisor to M g, ,
and its interior My, is an effective sum of sl, conformal block divisors. If all of the divisors in
this sum are trivial, then the restriction of pp to this boundary stratum forgets a component of the
curve:

m _
Hi:l MO,ki > MO,n

O

m—1
Hi:l MOJ% > X.

If the only non-trivial divisors in this sum have weight zero on some subset of the attaching
points, then these divisors are pullbacks of non-trivial conformal block divisors via the map that
forgets these points. Hence, the restriction of pp to this boundary stratum forgets these attaching
points:

Mok, — Mo,

Lk

Mog,—j — X.
Finally, if any of the non-trivial conformal block divisors in this sum has strictly positive weights,
then by Conjecture 5.6, the restriction of pp to the interior of this stratum is an isomorphism:

Mok, — Mo 5,
lN lﬂm
Mo, — X.

In summary, Conjecture 5.6 implies that the image of a boundary stratum []"; Mgy, in X is
isomorphic to

a b
HMO,ki X H Mo k; —j;
=1

1=a+1
forsome 1 <a<b<nandl<j <k —3.
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In this way, the morphisms associated to sl, conformal blocks are somewhat reminiscent of

Smyth’s modular compactifications (see [Smy09]). Each of Smyth’s compactifications can be de-
scribed by assigning, to each boundary stratum, a collection of “forgotten” components. In a
similar way, the morphism pp appears to assign to each boundary stratum a collection of forgotten

components and forgotten points of attachment. It follows that, if Conjecture 5.6 holds, one can

understand the morphism pp completely from such combinatorial data.
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