MATH 1207 R04 FINAL SOLUTION

SPRING 2017 - MOON

(1) Let f(x) = xsinz.

(a) (4 pts) Find f'(z).
, d : d . :
fi(x) = (d—x) sinz + <d_ smx) =sinz + xcosx

T Xz

T

e Applying the product rule correctly and getting (%x) sin x+w (di sin x) :

2 pts.
o Getting the answer sinz + x cos z: 4 pts.

(b) (4 pts) Find/f(:c)d:c.

u=x,dv=sinxdr = du = dr,v = —cosx

/:psin xdx = x(—cosx) — / cos xdx

= —rcosx + /cos xdx = —xcosx +sinx + C
¢ Finding appropriate u = x, dv = sin wdx: 2 pts.
e Applying integration by parts and getting «(— cosz) — / —cosxdr: 3

pts.
e Getting the answer —x cosz + sinz + C': 4 pts.
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(2) Two cars A and B, start side by side and accelerate from rest. The figure shows
the graphs of their velocity functions. The unit of time is minute.

1.5
v

0.5

0 { E}.IS ‘I 1:5 2 2:5
(a) (2 pts) On the graph above, indicate the region whose area is the moving
distance of B during first 2 minutes.

See the blue region on the graph above.

(b) (2 pts) Which car is ahead after one minute? Explain your answer.

Car A is ahead, because the area under the graph, which is the moving
distance is larger.

(c) (2 pts) What is the physical meaning of the area of the shaded region S?
It is the distance between two cars A and B after one minute.

e -1 pt if one does not mention the time.

(d) (2 pts) Estimate the time at which the cars are again side by side. (You
don’t need to find the precise time. Give an approximation and explain
your answer.)

After two minutes, the area under the graph of A and that of B are same.
Thus the moving distance of A and B during the first two minutes are same
and the cars are side by side.
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(3) (5 pts) Find the volume of the solid obtained by rotating the region bounded by

y =23,y = 8,and = = 0 about the z-axis.
|
|
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Cross section: washer with the outer radius 8 and the inner radius x°.
) 2 7\ 72
/ (8% — (2%)?)dx = 7r/ 64 — 2%dr = 7 (6495 — x_)]
0 0 7
< 128) 7681
= 7]' _—

0
128 — — | =
7 7

e Sketching the planar region: 1 pt.

e Describing the shape of washer: 2 pts.
-2
(8% — (27)?)dx: 4 pts.

e Stating the volume formula
687 _

e Getting the answer : 5 pts.
(4) (5 pts) Find the sum of
Z 9—n+14n
n=1
o0 o0 4n oo 4T'L o0 4 n
—n+lmn __ _ —
Sorir =3 ot =3 0 =3 (5)
n=1 n=1 n=1 n=1
—. ()" 9 81 36
= 9(—) —-9= T 9=—-9=—
—~ \9 -3 5 5
e Describing the given series as a geometric series: 2 pts.
9
— 9: 4 pts.

e By using the summation formula, getting i
)

3
e Getting the answer —: 5 pts.
9

e If one compute the sum Z 97" *14": 2 pts.

n=0

3
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(5) Let f(x) = e*").
(a) (2 pts) Find the domain and the range of f. You don’t need to explain the

reason. |
5+

-3 -2

Domain: (—o0, c0)
Range: (0, 00)
e 1 pteach.

(b) (2 pts) Show that f is one-to-one.
f(x) = e”’52* > 0and f'(z) > 0 except = 0. Therefore f is an increasing

function. So it is one-to-one.

(c) (2 pts) Find f~!(e).
f_l(e):$<:>f(l’):6<:>€x5:€<:>l‘:1

f7He) = 1.

(d) (2 pts) By using inverse function theorem, find (f~')'(e).
1 1 1

€)= 5y = 51~ 5

e Stating inverse function theorem correctly and getting (f~')(e)

pt.
1
o Getting the answer = 2 pts.
J€
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(6) A common inhabitant of human intestines is the bacterium Escherichia coli, named
after the German pediatrician Theodor Escherich, who identified it in 1885. A
cell of this bacterium in a nutrient-broth medium divides into two cells every
20 minutes. The initial population of a culture is 50 cells.

(a) (5 pts) Find an expression for the number of cells after ¢ hours.

Let C'(t) be the number of cells after ¢ hours. Then C(t) = Cye* for some
constants Cy and k.

50 = C(0) = Coe® = Cy = 50 = C(t) = 50e™

k 100 k
3=——=2=_-=In2=k=23In2
" T 50 3~ B

C(t) — 5()6(31112>t

e Writing a general form C(t) = Cpe*': 2 pts.
e Finding C) = 50: 3 pts.

e Getting the answer C/(t) = 5012

: 5 pts.

(b) (3 pts) When will the population reach a million cells?

‘ 1000000
1000000 = C(t) = 50eBn2t = B2t ——5 = 20000 = (3In2)t = In 20000

1020000

~ 4.7625 h
2o 7625 hours

e Setting up the equation 1000000 = C(t) = 50e®"2": 1 pt.
o Getting the answer 4.7625 hours: 3 pts.
e Writing the answer without using the unit: -1 pt.
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(7) (a) (6 pts) Evaluate the integral

* 1
—d
/3 z(Inz)4 ‘
> 1 Lo
———dr = i —d
/3 z(Inz)* A 3 x(Inz)* v
1 u=Inz,du=21dz 1 1 1 1
—d = —du = “du=—ul+C=——4C=————-+C
/ac(lnac)‘1 o ut /u “ 3" + 3u3+ 3(lr131:)3jL

/t Lo 1 o1
s z(lnz)t"  3(lnz)3], 3(In3)*  3(lnt)?
1 1

¢
1
lim [ ———dr = i - -
tggo/g x(lnx)‘*dz P 3(In3)?  3(Int)3  3(In3)?
t

e Stating the definition tlg?o i mdm of the improper integral: 2
pts.
1 1

t
e By using substitution, evaluate the integral /3 w(n ) dr = Sy

e Evaluating the limit and getting 3 21 6 pts.

1
(In 3)

(b) (2 pts) Determine the convergence or divergence of

o0

1
; n(lnn)*’

is clearly positive and decreasing, we can apply

1
Because f(x) = o)

the integral test.
The convergence of the integral / de implies the convergenceof
3 x(lnz

the series.

e Mentioning the integral test: 1 pt.
e Getting the convergence: 2 pts.
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(8) Determine whether the given series is convergent or divergent.

(a) (5 pts)
io: nd+Tn+ 4
£ 2nb — 3nt+2
n34+7n+4 6 4 3 7 4
sl Tnt+4 1+ 5+4 1
lim 272 gy TR A TR T 2
n—o00 o5 n—o00 2n6—3n4—|—2 n%ooQ—ﬁ—kﬁ 2

= 1 . : — P +Tn+4
Note that Z — < o00. By limit comparison test, Z " "
n

n=1 n=1

too.

e Getting the convergence: 1 pt.
e Using an appropriate convergence test: + 4 pts.

(b) (5 pts)

>
n:1n+1
lim — - =140

. n
Thus E T =00
n=1

o Getting the divergence: 1 pt.
e Applying an appropriate convergence test correctly: + 4 pts.

2nb — 3nt + 2

oo,
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(9) (7 pts) Determine the interval of convergence of the power series

Lnn n
> (1) —(5z)".
n
n=3
1)t g yndtl
lim |22 — Jim =) nil ()™ | _ i n(nt e 52|
e T | T | e G| T e Tm) et )
1 1
= (i 2OEDN (™ Y s = 5
n—oo  lnn n—oon + 1
The series is convergent if [5z| < 1, or equivalently,
1 e 1
—— <z < -
) )
When !
r=-,
5
- ,Inn L e ,Inn
D (=)t —(Gax)" =) (-1)"— < oo
n n
n=3 n=3
1
by alternating series test. When = = 5
> Inn = Inn Inn 1
—)—Ga) =Y () (1) =Y — > =0
;( )" — = (52) ;( )'——(=1) 2. 22y =

By comparison test, the series is divergent.

Therefore the interval of convergence is
11
5°5]

e Applying the ratio test and computing the limit lim

n—oo

n+1

(D22 a)"

n

_ 1)n+1 In(n+1) (5x)n+1

+2 pts.

e Finding the limit [5xz|: +2 pts.

e Checking the convergence at two endpoints with appropriate convergence
test: +3 pts.

e Checking only one endpoint: +2 pts.
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(10) (a) (5 pts) Describe the power series

an”_1:1+2x+3w2+4x3+---
n=1

as a rational function (a fraction).

- n 2 3 1
Zm =l+or+a"+a"+--- =
o 11—z

Take the derivative:

- 1
Y na" ' =1+420+32" +42° 4 = ;
— (1—x)
: S n 2 3 1
o Statngx =l4+z+2"+z +...:1—:2pts.
-
n=0

1
¢ By taking the derivative, getting the rational function ﬁ 5 pts.
— X

(b) (2 pts) Find the radius of convergence of the series in (a). You don’t need to
write the reason.

o0

The radius of convergence of E na"

n=1

~!is equal to that of » _ 2", which s 1.
n=0

(c) (5 pts) Find the sum of the infinite series

o0 2

n
n:13n
> 1
an”’1:1+2x+3x2+4x3—|—-~:
(1—x)?
n=1
an":x+2x2+3x3+4x4+-~: T
— (1 —x)?
> 11—z —z-2(1 —z)(-1 1
Zn2x"—1:12+22x+32x2+42:c3+~--:( zf—e2l-a)(=l) 14z
(1—a) (1=
n=1
> 1
Zn% :12x+22x2+32m3+42x4+---:x( +2)
(1—=x)
n=1
n? = L (1\" (143 3
Z:—Zn 3] T 1_-1p 2
n=1 n=1 ( _5)

e Each line of the computation: +1 pt.
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(11) (a) (5 pts) Let g(z) = zInz. Compute its Taylor polynomial of degree 2 cen-
tered at x = 1.

g(1)=1In1=0

1
Jx)=1-Inz+z-—=hzx+1=4(1)=1
T

Toa) = g(1) + ¢ ()~ 1)+ T (1) = (2 = 1)+ a — 17
e Finding ¢(1) =0,¢'(1) = 1,¢"(1) = 1: +2 pts.

7 1
e Stating the formula g(1) + ¢/(1)(z — 1) + 7 2(1 )

1
e Getting the Taylor polynomial (z — 1) + 5(:1: —1)% +1 pt.

(r —1)*: + 2 pts.

(b) (5 pts) The following table is a list of Taylor series of several functions.

| function | Taylor series |

In(1+ z) ;(-1)"5?1:3;—%24_%3_%44_...
sin i(—l)”%:x_%ijg_...
cos T g(—l)”é:;! :1_%?4_1_?_...

tan !z nio%(—l)”;;tll =1 — %3 + %5 ...

By using it, compute the Taylor polynomial of f(z) = ¢*” In(14-2z) of degree
3 centered at x = 0.

e In(1 + 22) = (1 + (z%) + @), ) <(2x) ) G GO >

2! 2 3 4

4 8
= <1+x2+%+---) (2x—2x2+§x3—4x4+---)

8
:2x—2x2+§x3+2x3+---
Therefore

5 14 .
T3<J]> = 2x — 222 + 31’3.

10
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¢ By using Taylor series, getting

e In(1 + 2z) = (1 + (2%) + (gﬁ + - ) <(2x) - (2?2 + (2?3 — (2?4 +- )

: 2 pts.
14
e Computing lowest degree terms and getting T3(z) = 22 — 227 + 5:1;3:
5 pts.

(c) (3 pts) By using (b), find an approximation of ¢*°! In(1.2).

e®'In(1.2) = £(0.1) =~ T3(0.1) = 2(0.1) — 2(0.1)* + %(0.01)3 ~ 0.1847

11



Spring 2017 - Moon

MATH 1207 R04 Final
(12) (a) (4 pts) By applying I’'Hospital’s rule, evaluate the limit
rsinz

im .

z—0et —1 —x
rsinx & . sinz+xcosx § . cosy+cosxr—axsine 2
= lim = lim =z
et —1 z—0 er 1

=2

. . ) . sinx + xcos
e Applying 'Hospital’s rule and getting JEILI(I) - xew _x . =y pts.
COST + COST — xSINT 3

e Applying the rule again and obtaining lelg(l) o

pts.
o Getting the limit 1: 4 pts.

(b) (4 pts) Evaluate the limit
_ sinx—tan_lx—%
im 5
z—0 x(cos:p—lJr%)
CCB $5 $3 CC5 CCB
. sinz—tan'w — L& (x_§+ﬁ+"')_<x_?+?_"'>_F
im — - = lim = —
z—0 x(cosx—l%—;) =0 x(( —g—l—ﬂ—---)—l—l—g)
CAN T L1, 1 _ 1 23
:111“15!3355 = lim 2L 5 :5!15:_?
e By using power series, getting
3 29 3 x5 3
(emrgee)-(-5g-) -3
im
T (- S R R

: 2 pts.
¢ Getting the answer -5 4 pts.

12




