MATH 1700 Homework Han-Bom Moon

Homework 5 Solution
Section 2.6 ~ 2.7.

2.6.4. Find the fixed point and determine both its stability and whether or not oscilla-

tion occurs for

From
1 1
Tp4+1 = ixn + 57
1 1 . L
a=3 and b = R The fixed point is
1 1
2 2
===1
171
=5 3

Because |a| < 1, the fixed point is stable. Since a > 0, there is no oscillation
around the fixed point.

2.6.8. Find the fixed point and determine both its stability and whether or not oscilla-

tion occurs for
Tnt1 = (7T —3x,)/2.

In this case

3 7
Tntl = 5%+ 5
3 7 , L
soa = -, b= 7 The fixed point is
7 7
2 _2_7
3 "5 T 5
I-(=3) 3 5

3 . .. .
Because |a| = = > 1, the fixed point is unstable. Also because a < 0, the solution

is oscillating around the fixed point.

2.6.12. Find the equilibria of the model P, 1 = 0.95F,, + 7.25. Determine both stability
and whether or not oscillation occurs.

There is one equilibrium

2
ECCINYTS
1-0.95
Because [0.95| < 1, the fixed point is stable, and it is positive, thus there is no

oscillation.
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2.6.14. Find the equilibria of the model in Exercise 23 of Section 2.4. Determine both
stability and whether or not oscillation occurs.

In Exercise 23 of Section 2.4, the amount of PCB’s in n-th month is described by
Tpt1 = Ty — 0.1z, + 0.5 =0.92, + 0.5, 20 = 10.

The fixed point is
0.5

=5
1-09
Because |0.5] < 1, the fixed point is stable. Also because it is positive, there is no

oscillation.

2.6.16. Suppose that each day during flu season, 15% of those who have the flu in a
certain town recover from it, while another 600 people come down with the flu.
If there are currently 1800 cases of the flu:

(a) How many cases will there be two weeks from now?
The number of infected people I,, in n-th day can be described as

Iny1 =1, —0.151, 4+ 600 = 0.851,, + 600, Iy = 1800.

50 0.85" — 1
I, = 0.85"Iy + 600————.
" o+ 000585 1
T34 = 0.85' . 1800 + 600% ~ 3774
=" 085—1 '

Therefore after two weeks, approximated 3774 people are infected.
(b) At what level will the number of cases eventually stabilize?

= 4000. So eventually, the number of cases will

The fi o

e fixed point is 108
be stabilized at 4000.

2.6.18. Suppose that each year 2% of all the trees in a certain forest are destroyed nat-

urally. Also each year 5000 mature trees are harvested for lumber, but 7500 new
trees are either planted or sprout up on their own.

(a) Write an iterative equation for the yearly number of trees T;, in the forest.

Thy1 =T, — 0.027;, — 5000 + 7500 = 0.987;, + 2500

(b) If there are currently estimated to be 100,000 trees in that forest, what is the
maximum number of trees the forest will ever have?

Because 0.98 has absolute value less than one, the fixed point

2500
1—-0.98

= 125000

2
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is stable. Also because 0.98 > 0, a solution z,, is monotonic. Finally, the
initial condition xp = 100000 is less than 125000, the solution is increasing.
Therefore the maximum number of trees is 125,000.

2.7.2. Find the partial derivatives f,(z,y) and f,(z,y) for
fla,y) = (2 + 3y)*.
fo(z,y) = 4(22 + 3y)® - 2 = 8(2x + 3y)?
fy(z,y) = 4(22 + 3y)? - 3 = 12(22 + 3y)*

2.7.4. Find the partial derivatives f,(z,y) and f,(z,y) for

flzy) =x/y.
1
fﬂﬂ(xvy) - g
fay)=oy™ = fyley) =1y~ = oy =~

2.7.8. Find the partial derivatives S,(a,b) and Sy(a, b) for

10

S(a,b) = (a® = b+1i)*.

i=1

10 10
Sala,b) =) 2(a®> —b+1i)-2a =Y da(a® —b+1i)
i=1 =1

10 10
Sp(a,b) =) 2(a® —b+i)- (—1) = -2 (a® —b+1)
=1 =1

2.7.10. Find the critical points, i.e., the points (zg,yo) that satisfy both f,(xo,y0) = 0
and f,(zo,y0) = 0 for
f(z,y) = 32" + 5z — 8y°.
fz(l’,y) = 12$3+57 fy('ray) = _24y2

5 5

fulz,y) =0= —24> =0=y=0
)

(5

So the critical point is
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2.7.24. Use the given data
To=50,T) =20,T» =12, T3 =8, Ty = 5,T5 = 4

to construct the best approximate linear iterative model.

The points we would like to use to make linear model are (73, 711 ), which are

(50,20), (20, 12), (12,8), (8,5), (5, 4).

5
sz =502 +20% + 122 + 82+ 52 = 3133

7
i=1

5
in:50+20+12+8+5:95
=1

5

> yi=20+12+8+5+4=49

=1
5
D iy =50-20+20-124+12-8+8-5+5-4 = 1396
=1

Two equations that y = ax + b minimizing the total error satisfies are

5 5 5
(Z :E?) a+ < SL’l> b= Zfﬂiyz’a
i=1 i=1 i=1

5 5
=1

=1

Therefore

3133a +95b = 1396
95b+5b = 49.

If you solve this system of linear equations, we get a ~ 0.35,b ~ 3.15.

Therefore the least square line we are looking for is y = 0.35x+3.15 and the linear
iterative model is
Tpi1 = 0.35T), + 3.15.




